Last few years have witnessed significant enhancement of thermoelectric figure of merit of lead telluride (PbTe) via nanostructuring. Despite the experimental progress, current understanding of the electron transport in PbTe is based on either band structure calculation using first principles with constant relaxation time approximation or empirical models, both relying on adjustable parameters obtained by fitting experimental data. Here, we report parameter-free first-principles calculation of electron and phonon transport properties of PbTe, including mode-by-mode electron-phonon scattering analysis, leading to detailed information on electron mean free paths and the contributions of electrons and phonons with different mean free paths to thermoelectric transport properties in PbTe. Such information will help to rationalize the use and optimization of nanosctructures to achieve high thermoelectric figure of merit.
I. INTRODUCTION
The thermoelectric devices directly convert heat into electricity and can be used in the power generation application. The efficiency of the thermoelectric devices is determined by the material's figure of merit zT = σ S 2 T /κ, where σ is the electrical conductivity, S is the Seebeck coefficient, κ is the thermal conductivity consisting the contribution from electrons (κ e ), ambipolar diffusion (κ bp ) and phonons (κ ph ), and T is the temperature. Several groups reported high figure of merit in PbTe through different nanostructuring approaches 12345 . One beneficial feature of PbTe is its low intrinsic thermal conductivity due to the strong anharmonicity 678 . In addition, PbTe has low effective mass and multiple valleys, which give rise to its high electrical conductivity 49 . Even though a peak zT as high as 2 has been achieved in p-type PbTe 10 , further improvement of zT , especially in n-type PbTe, is desirable for thermoelectric energy conversion to be competitive 111213 .
To make nanostructure approach more efficient 14 , it is generally believed that one should design the nanostructures such that the major heat carriers, phonons, are strongly scattered by interfaces while the charge carriers, electron/holes, are barely affected 2 . The success of the nanostructuring technique is partially attributed to the disparity between the mean free path of electrons and phonons. In silicon, for example, the electron mean free paths are around tens of nanometers, while phonons have mean free paths up to a few microns. As a result, nanostructures with grain sizes between the electron and phonon mean free path strongly scatter phonons and reduce thermal conductivity dramatically yet have minimal effects on the electrical transport 15 . For PbTe, the thermal transport has also been examined from the first principles yielding that phonons with mean free paths smaller than 10 nm contribute majority of the thermal conductivity 8 . However, its electron transport properties and electron mean free paths are much less understood. Past work have mostly employed the constant relaxation time approximation when studying the electrical transport properties of PbTe 1617 . Although good agreements with experiments have been achieved for the Seebeck coefficient, the detailed information on the charge carrier dynamics remains unknown. In particular, by adopting the single/double Kane band model together with multiple scattering mechanisms, past work successfully explain the trend of the experimental findings 18192021 , yet the analysis requires the fitting parameters extracted from experimental results thus not necessarily unveiling the accurate physical pictures.
In this article, we evaluate the electron scattering rates and electron mean free paths due to electron-phonon interaction using first principles for n-type PbTe. Due to the large mismatch in energy between electrons and phonons, a very dense k-point mesh is needed in the search of possible electron-phonon scattering modes such that energy and momentum conservation can be satisfied. To calculate the electron-phonon coupling strengths on a very dense mesh with acceptable cost, we adopt the interpolation scheme based on electron Wannier functions 22232415 . By further comparing the mean free paths of electrons with phonons, we are able to thoroughly examine the electron transport and phonon transport in PbTe at the same time. The detailed spectral information on the thermoelectric properties of PbTe not only provides microscopic pictures of the dynamics of electron and phonon but can be used to rationalize the design of the nanosturctured PbTe to decouple electron and phonon transport in order to boost the thermoelectric performance.
II. METHODS

II.1. Electron transport properties
The charge flux and the heat flux are correlated with the temperature gradient and electrochemical potential gradient by the transport coefficients 25 ,
The first term in Eq. 1 describes the electrical current due to the electrochemical potential gradient, and the coefficient L 11 is the electrical conductivity, which can be derived from the 
where α and β are certain directions in Cartesian coordinates and Ω is the volume of a unitcell. By changing the condition for the summation from {nk} to {nk, |v nk |τ nk < λ }, we obtain the contribution to the conductivity of electrons with mean free paths up to a given value λ . Note that we can break the summation into the summation over electron states and hole states separately, and obtain electron conductivity σ e and hole conductivity σ h . The mobility is defined by, µ αβ = σ αβ /nq, where n is the carrier concentration. The second term in Eq. 1 represents the contribution to the electrical current from the temperature gradient and the coefficient L 12 writes,
The Seebeck coefficient is defined by the ratio of L 12 and L 11 ,
Note that the Seebeck coefficient is not an additive quantity thus the accumulated Seebeck coefficient is ill-defined. Nevertheless, we can still define a truncated Seebeck coefficient by changing the condition for the summation both in the numerator and denominator from {nk} to {nk, |v nk |τ nk < λ }. Effectively, we are able to calculate the contribution to the Seebeck coefficient of electrons with mean free paths up to a given value λ . The truncated power factor is defined in the same fashion by setting a maximum mean free path for all summations. The first term in Eq. 2 corresponds to the heat flow due to the electrochemical potential gradient and the coefficient L 21 = T L 12 . The second term in Eq. 2 describes the diffusion of electron under a temperature gradient, where the coefficient L 22 is defined as,
Substitute the electrochemical potential gradient in Eq. 2 in terms of temperature gradient using Eq. 1, from which we know the electronic thermal conductivity k e is given by,
At high temperatures, the bipolar thermal conductivity can be significant and in current formalism. The bipolar thermal conductivity is written as,
where we define the electron Seebeck coefficient S e (hole Seebeck coefficient S h ) by only summing over electrons (holes) in the numerator and denominator in Eq. 5. All the above transport properties require the knowledge of electron-phonon scattering and the details to calculate it are as follows.
II.2. Electron-phonon scattering rate
The electron-phonon self-energy based on Migdal approximation 26 is defined by,
where g ν mn (k, q) is the electron-phonon coupling matrix element and n νq is the phonon distribution. ε nk is the electron energy and ω νq is the phonon frequency. The electron-phonon coupling matrix is given by,
where m 0 is the electron rest mass, ψ nk is the electron wavefunction. ∂V SCF /∂ u νq · e νq is the first-order variation of the self-consistent potential energy due to the presence of a phonon, as depicted in the density functional perturbation (DFPT) formalism 2227 . The electron-phonon scattering rate can be calculated from the imaginary part of self-energy Σ nk by Γ nk = 1/h Im Σ nk . The explicit form of the electron-phonon scattering rate can be written as,
The inverse of the scattering rate gives the relaxation time, τ nk = 1/Γ nk .
II.3. The screening effect of free carriers
The contribution to the electron-phonon coupling from the long-range polar Fröhlich interaction, which gives rise to the polar optical phonon (POP) scattering, is expressed by,
where G is the reciprocal lattice vector, Z * s is the Born effective charge and ε 0 is the vacuum permittivity 232829 . If one performs the Fourier transform of the Poisson's equation, the dielectric constant of a material ε(ω, q) is interpreted as a function of frequency and wavevector. In the carrier concentration range to our interest (n ∼ 10 19 cm −3 ), the plasma frequency estimated using ω p = ne 2 ε ∞ ε 0 m is about 4.9 ω TO . That is to say, the free electrons respond to motion of ion so rapidly that we can take the static limit (ω → 0) of the dielectric constant. The reduced form of dielectric constant ε(q) is known as the Lindhard dielectric function, viz.,
where the Thomas-Fermi screening wavevector is defined by
and k F is the Fermi velocity 30 . In fact, we find in PbTe that only small |q| can lead to strong Fröhlich interaction thus the choice of dielectric constant at large |q| would not affect the accuracy of the transport calculation. Furthermore, we argue that for those LO phonons that induce POP scattering, the phonon wavevector satisfies |q| 2k F in highly-doped PbTe. In such conditions, the Lindhard dielectric can be further reduced to Thomas-Fermi screening model,
where ε ∞ is ion-clamped (high frequency) macroscopic dielectric constant from DFPT 3132 . The dipole field created by ion motion not only induces POP scattering but results in LO-TO splitting 33 . When the dielectric constant is modulated by screening, meaning that the capability of the free carriers to screen the dipole field changes, the LO-TO splitting is affected accordingly. The nonanalytical force constant responsible for the LO-TO splitting writes,
In the standard DFPT formalism, the dielectric constant is regarded as a constant, which is valid for a bulk calculation 27 . However, good thermoelectric materials are usually highly doped semiconductors. The electron dynamics is modified profoundly by the free carriers. Therefore, we believe it to be necessary to introduce a carrier-concentration-dependent dielectric constant based on Thomas-Fermi screening model by replacing ε in Eq. 15 with ε(q) defined by Eq. 14.
II.4. Thermal transport properties
The heat flux by phonons is caused by the deviation of the distribution function from equilibrium in an isotropic material 34 ,
Considering the Fourier's law J ph = −κ ph ∇ r T , we find that the expression for phonon thermal conductivity from linearized Boltzmann transport equation under the relaxation time approximation is,
where N q is number of the q point. The calculation of the thermal conductivity requires the phonon dispersion relation, which contains the information of phonon frequency and group velocity. We also need to calculate the relaxation time and this can be calculated by,
The term ± Γ νν νcorresponds to the phonon absorption/emission process,
where ± V νν νis the scattering matrix element.
II.5. Calculation details
We carried out the first-principles calculation on electronic band structure using a 6 × 6 × 6 Monkhorst-Pack k-grid with cutoff energy of 70 Ry. We choose the norm-conserving fully relativistic pseudopotentials with local density approximation (LDA) for exchange-correlation energy functional. The calculation includes the spin-orbit coupling, implemented in Quantum ESPRESSO package 35 . The lattice constant used in calculation is 6.29Å. The band gap given by the DFT calculation is 0.15 eV. We rigidly shift the conduction bands to match the band gap at room temperature, which is 0.316 eV 36 . The doping is modeled with a rigid band model approximation and dopants are assumed to be fully ionized in the whole temperature range in calculation. Given the number of dopants, the chemical potential is obtained solving the charge neutrality equation.
To calculate the dynamical matrix for phonons, we use DFPT with a 6 × 6 × 6 q-point mesh. In order to match the bulk phonon dispersion with neutron scattering, a Born effective charge of Z * = 5.8 and a dielectric constant of 32 from Ref. 37 are adopted while in the electron phonon coupling calculation, the phonon eigenvalues are directly obtained from DFPT without any modification. To evaluate the electronphonon coupling matrix, we interpolate the electron-phonon coupling matrix on a 200 × 200 × 200 k-point mesh and a 100 × 100 × 100 q-point mesh using the EPW code 38 . To calculate the thermal conductivity, we use a cubic supercell that contains 64 atoms to obtain scattering matrix in the formalism proposed by Ref. 39 .
We would also like to address the effect of temperature on transport properties. There are several ways to calculate the band structure considering the temperature effect. The most straightforward way is the ab initio molecular Ref. 44 , diamonds from Ref. 45 , and crosses from Ref. 46 .
dynamics 40 . Some also points out the importance of including the higher-order electron-phonon interaction to capture the correct temperature-dependent band energy 41 . We adopt the temperature-dependent band gap from experiment 36 and compare the results with constant-band-gap calculation. We realize that the different between the two cases are insignificant 42 . Consequently, we apply the same lattice constant and band gap for all calculations and the temperature effect is encoded in the distribution functions of electrons and phonons.
III. RESULTS AND DISCUSSION
III.1. The effect of screening
The electron transport properties for n-type PbTe at room temperature with/without considering the screening effect of the free carriers are demonstrated in Fig. 1 . The free carriers in doped PbTe screen the dipole field generated by ion vibration outside the sphere defined by the the screening length. One thus expects reduced POP scattering and higher mobility after taking into account the screening effect. We notice from Fig. 1 that considering the screening effect does yield higher mobility and conductivity than without the screening effect, as well as a more desirable agreement with experiment even though the discrepancies in Seebeck coefficient and power factor for the two cases are not significant.
The electron-phonon scattering rates due to different phonon branches without considering the screening effect are shown in Fig. 2 (a) . The scattering due to LO phonons is stronger than other phonon branches. Near the conduction band minimum, only phonon absorption process is allowed to happen. When electron energy is larger than LO phonon energy, both phonon absorption and emission can happen. This leads to the sudden jump of the scattering rate near 0.01 eV. Note that the dielectric constant calculated from DFPT is 104, which is overestimated compared with experiment reported value 32 47 . As a result, the LO phonon frequency is 10 meV from calculation, which is underestimated than value of the value of 13 meV found through neutron scattering experiment 47 . One interesting feature of the scattering rate due to LO phonon is the relatively weak energy dependence. The scattering due to LO phonon consists of two contributions: the non-polar optical phonon deformation potential (ODP) scattering and POP scattering, as discussed in detail in Ref. 48 . The non-polar ODP scattering rate scales with √ E (E is the electron energy measured from conduction band edge), and the POP scattering rate scales with sinh −1 ( √ E) assuming a parabolic band. The actual non-parabolic band structure of PbTe might change the exact energy dependence of scattering rates. Still qualitatively, the POP scattering rate increases less rapidly with increasing electron energy than the non-polar ODP scattering rate.
When including the screening effect shown in Fig. 2 (b) , the scattering rate due to LO phonon decreases especially for low-energy electrons (E < 0.1 eV). At the conduction band minimum, because of the screening effect, the scattering rate due to LO phonon decreases from 2.5 THz to 0.5 THz. On the contrary, the reduction is much less noticeable for high-energy electrons. The screening effect in principal should only be able to affect POP scattering rather than ODP scattering. For high-energy electrons (E > 0.1 eV), non-polar ODP scattering is much stronger than POP scattering so that the reduction in POP scattering becomes less discernible than low-energy electrons.
Another consequence resulting from the screening effect is the weakened LO-TO splitting. In Fig. 2 (c) , we clearly observe that as the carrier concentration increases, the gap between LO and TO phonons near zone center is progressively narrowed. In the high-carrier-concentration limit and the long-wavelength limit, one should no longer be able to distinguish a LO and TO phonon since the screening length has becomes so small that the long-range dipole field responsible for the LO-TO splitting vanishes. The convergence of long-wavelength LO and TO phonon reminds us to examine whether it gives rise to stronger anharmonicity since TO phonon contributes remarkably to phonon-phonon scattering in PbTe 6 . However, we do not observe any noticeable difference after carrying out thermal conductivity calculation, because only small fraction of LO phonons become TO phonons such that the three-phonon scattering phase space is barely modified. Fig. 3 (a) shows that the mean free path for low-energy electrons increases dramatically when including the screening effect. Although the LO phonon scattering is the prominent scattering source (both for cases with/without screening), it is not strong enough to totally overshadow the contribution from TO phonons and acoustic phonons. For electrons with energy near the chemical potential, the scattering of non-LO phonons contributes to the total scattering comparably with LO phonons. Note the electron group velocity near the chemical potential is weakly dependent on energy, as also shown in Ref. 49 . That is to say, the electron mean free path is a monotonically decreasing function of energy near the chemical potential because the electron relaxation time decreases monotonically with increase in energy.
The electrical properties of electron as a function of electron mean free path is displayed in Fig. 3 (b) , where the conductivity is enhanced by about 20 % due to the screening effect. Besides, the mean free path spectrum is shifted to higher values. An interesting feature is found in the truncated Seebeck coefficient in Fig. 3 (c) : up to certain mean free path, the truncated Seebeck coefficient can be even higher than the total Seebeck coefficient. As is known, above the chemical potential, the electrons contribute dominantly to the Seebeck coefficient with negative signs. However, the electrons below the chemical potential have positive signs and they cancel the contribution from electrons above the chemical potential. Recall the mean free path is almost a monotonically decreasing function of energy in Fig. 3 (a) . The above observation then translates to the fact that that the long-mean-free-path electrons contributes contribute "negatively" to Seebeck whilst the short-mean-free-path ones contribute "positively", which explains the emergence of the peak in the truncated Seebeck coefficient at a critical mean free path. The screening effect pushes the critical mean free path from 35 nm to 40 nm and the peak value rises from 160 % to 210 %. In Fig. 3 (d) the peak power factor at the critical mean free path is as high as 310 % with screening effect and 160 % without screening effect. We also find that the truncated power factor with/without screening effect at the long-mean-free-path limit are almost the same, albeit the screening effect greatly alters the mean free path distribution.
If we compare the truncated power factor to the cumulative thermal conductivity, we first realize that the major con- tribution to thermal conductivity is from phonons with mean free paths smaller than 20 nm, whilst for the truncated power factor, most contributions are from electrons with mean free paths higher than 20 nm. Surprisingly, this finding contradicts with the general case where the electron means free paths are much smaller than the phonon mean free paths, which emphasizes the importance of considering both electron and phonon when designing the nanostructures for PbTe. However, despite that nanostructures that scatter phonons may also scatter electrons, the long-mean-free-path electrons contributed negatively to the Seebeck coefficient. Nanostructures may scatter these long-mean-free-path electrons, leading to actually increased Seebeck coefficient and decreased electrical conductivity. This is seen in some of past experiments 50 , although arguably, we cannot tell at this stage if these past experimental observations is due to filtering of long-mean-free-path electrons or the thermionic effect 51 .
III.2. The effect of temperature
We proceed to study the temperature dependence of the transport properties. When raising the temperature, the mean free paths not only decreases but covers a narrower mean free path range, shown in Fig. 4 . For electrons with the same energy, the mean free path is not a single value but forming a "band" containing a series of possible values. The width of the "band" shrinks with rising temperature. At elevated temperatures, the population of phonons scales with T . From the analysis of our calculation, the scattering rate is directly related to temperature in a power law ∝ T . Hence, for the electrons with the same energy, the scattering rates are rescaled by the temperature, and the inverse of the scattering -the relaxation time, will decrease and spread in a narrower region, causing a narrower "band". In addition, at higher temperatures, the chemical potential shifts towards the band minimum. This is because the Fermi-Dirac distribution function spreads wider in the energy scale as temperature rises. To match the fixed amount of positively charged ionized donors, the chemical potential must be lowered.
The electrical properties of electron as a function of electron mean free path at different temperatures are displayed in Fig. 5 (a) . At room temperature, the greatest contribution to the conductivity comes from the electrons with mean free paths smaller than 37 nm, regarded as the maximum electron mean free path. As temperature is lifted, the maximum mean free path decreases. We also realize that the height of the peak in normalized truncated Seebeck coefficient decreases when temperature rises, as described in Fig. 5 (b) . We refer to electron mean free path at different temperatures in Fig. 4 . At room temperature, the mean free paths of electrons above and below the chemical potential contrast profoundly. At high temperatures, such contrast gradually becomes inconspicuous, causing lowered peak height in the normalized truncated Seebeck coefficient. In Fig.5 (c) , the maximum normalized truncated power factor, is as high as 230 % at 300 K but the maximum is almost unity at 700 K. Compared with phonon mean free path profile in Fig.5 (d) , the mean free paths of electrons that contribute majority of the power factor are larger than phonons contributing majority of the thermal conductivity at all temperatures.
The Fig. 6 (a) presents the conductivity as a function of temperature for different dopant concentrations, compared with La-doped PbTe from the experiment 44 . The decrease of the mobility versus temperature is mostly because electronphonon scattering becomes stronger with increase in temperature. Our calculation overall captures the correct trend both for mobility and conductivity. However, the calculated Seebeck coefficient in Fig. 6 (b) is largely underestimated above 400 K for the lowest dopant concentration. As is known in PbTe, high temperatures flatten the band structure near the band edge, causing a larger effective mass 21 , while in calculation, the band structure keeps unchanged. This also leads to the discrepancy between the calculation of the calculated power factor and experimental results. The band gap and the alignment of different valleys are function of temperature in reality that can also alter the Seebeck coefficient, yet not captured by our constant-band-gap calculation. In addition, the experiment demonstrates that for La-doped PbTe when the Hall carrier concentration is above 6 × 10 19 cm −3 , there is deviation from valence counting rule that each dopant atom provides one carrier 44 . We believe this further contributes the differences between our calculation and experiment at 9.4 × 10 19 cm −3 .
Since our first-principles calculation of electron-phonon scattering is parameter-free, we can calculate the electronic thermal conductivity at different temperatures for different dopant concentrations instead of relying on the WiedemannFranz law, shown in Fig. 6 (c) . For high dopant concentra- tions, even though the chemical potential is being lowered towards the band minimum as the temperature is elevated, the chemical potential is still close to the conduction band. For the low carrier concentration case (4.3 × 10 −18 cm −3 ), the chemical potential is closer to the middle of the band gap. With increasing temperature, holes start to contribute to the electronic thermal conductivity since the bipolar transport becomes noticeable, which corresponds to the increase above 400 K. Note that at the high carrier concentration (5.8 × 10 −19 cm −3 ), the thermal conductivity is lower than the electronic thermal conductivity which marks the significance to accurately estimate the electronic thermal conductivity.
In experiment, it's usually difficult to distinguish the bipolar thermal conductivity from the measured thermal conductivity. However, the bipolar thermal conductivity can be explicitly calculated from our DFT calculation, shown in Fig. 6 (d) . A noticeable increase is only observed in low concentration of 4.3 × 10 −18 cm −3 above 400 K. The total thermal conductivity is shown in Fig. 6 (e). Our results in Fig. 6 (c) indicates that the increase of electronic thermal conductivity leads to an increase of the total thermal conductivity. However, the experiment only shows a minor increase. We believe this is due to fact that the calculation does not capture the increased effective mass and temperature-dependent band gap above 400 K. The figure of merit at high temperature is largely underestimated demonstrated in Fig. 6 (f) , again, due to the inaccurate band structure at high temperatures. For the highest dopant concentration, both calculation and experiment show a monotonic increase with temperature because the the chemical potential is still far from being at the middle of the band gap so that the bipolar effect is insignificant.
IV. CONCLUSION
We study the electron-phonon interaction in n-type PbTe from first-principles calculation and obtain the electronphonon scattering rates and electron mean free paths at different temperatures. The LO phonon in PbTe plays an important role in determining the lifetime of electrons. The electron mean free path as a function of energy follows almost the same trend as the relaxation time because of the weak energy dependence of group velocity. This makes the electron mean free path decrease monotonically with energy. The screening effect at high carrier concentrations weakens the LO-TO splitting for phonons and reduces the POP scattering especially for low-energy electron. It also shifts the mean free path distribution towards higher values whilst the integrated transport properties are slightly changed. At elevated temperatures, the scattering rates scale with T and the electron mean free path distribution is shifted towards lower values.
The truncated Seebeck coefficient and power factor as a function of electron mean free path is not a monotonically increasing function. There exists a critical mean free path, corresponding to that of the electrons at the chemical potential, below which electrons contribute positively to the Seebeck coefficient while longer-mean-free-path electrons contribute negatively to the Seebeck coefficient. More interestingly, unlike in silicon, the electron mean free paths in PbTe are not significantly smaller than the mean free paths of most of the phonons. This inspires us to further investigate the scattering by interfaces both for electrons and phonons to rigorously and comprehensively answer the question if nanostructuring works better in silicon than in PbTe.
